PHYSICS

Chapter 7: System of Particles and Rotational Motion
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System of Particles and Rotational Motion
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Moment of inertia of a uniform circular | | = MR?

ring about an axis passing through

the centre and perpendicular to the

plane of the ring

For a uniform circular disc n lMRz
2

For a thin uniform rod L g

| =—M(

12

For a hollow cylinder about its axis | = MR?

For a solid cylinder about its axis | = 1 MR?
2

For a hollow sphere about its P

. I= =MR

diameter 3

For a solid sphere about its diameter | = g MR?
5

Coefficient of friction for rolling of = 11ane

solid cylinder without slipping down =3

the rough inclined plane

Top Concepts

e Arigid body is a solid body of finite size in which deformation is negligible under the
effect of deforming forces.

e Arigid body is one for which the distances between different particles of the body do
notchange.

e The centre of mass (COM) of a rigid body is the point in or near an object at which
the whole mass of the object may be considered to be concentrated.

e Arrigid object can be substituted with a single particle with mass equal to the total
mass of the system located at the COM of the rigid object.

e In pure translational motion, all particles of the body move with the same velocities
in the same direction.

¢ In pure translational motion, every particle of the body moves with the same velocity
at any instant of time.

¢ In rotational motion, each particle of the body moves along the circular path in a
plane perpendicular to the axis of rotation.
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¢ Inrotation about a fixed axis, every particle of the rigid body moves in a circle with
same angular velocity at any instant of time.

e Irrespective of where the object is struck, the COM always has translational motion.

¢ Motion of the COM is the resultant of the motions of all the constituent particles of a
system.

o Velocity of the centre of mass of a system of particles is given by
Fee

M
where P is the linear momentum of the system.

e The translational motion of the centre of mass of a system is as if all the mass of the
system is concentrated at this point and all the external forces act at this point.

If the net external force on the system is zero, then the total linear momentum of the
system is constant and the centre of mass moves at a constant velocity.

e Torque is the rotational analogue of force in translational motion.

e The torque or moment of force on a system of n particles about the origin is the
cross product of radius vectors and force acting on the particles.

f=ifx|5i
i1

e Angular velocity in rotational motion is analogous to linear velocity in linear motion.
e Conditions for equilibrium:

e The resultant of all the external forces must be zero. The resultant of all the external
torques must be zero.

e The centre of gravity is the location in the extended body where we can assume the
whole weight of the body to be concentrated.

e When a body acted upon by gravity is supported or balanced at a single point, the
centre of gravity is always at and directly above or below the point of suspension.

e The moment of inertia of a rigid body about an axis is defined by the formula I =
> miri? ,where r; is the perpendicular distance of the i point of the body from the
axis. The kinetic energy of rotation is
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1. 2
K==Iw
2

e Theorem of perpendicular axis: The moment of inertia of a planar body (lamina)
about an axis perpendicular to its plane is equal to the sum of its moments of inertia
about two perpendicular axes concurrent with the perpendicular axis and lying in the
plane of the body.

=1+ 1y
Here

Ix: Moment of inertia about the x axis in the plane of the lamina.
ly: Moment of inertia about the y axis in the plane of the lamina.

e Theorem of parallel axes: The moment of inertia of a body about any axis is equal
to its moment of inertia |Icm about a parallel axis through its centre of mass plus the
product of the mass M of the body and the square of the distance between the two
axes.

lp = lom + Md?

e Work done on a rigid body by the external torque is equal to the change in its kinetic
energy.

e Pure rolling implies rolling without slipping. It occurs when there is no relative motion
at the point of contact where the rolling object touches the ground.

e For arolling wheel of radius r which is accelerating, the acceleration of the
centre of mass is acm = Ra

e Law of conservation of angular momentum: If the net resultant external torque
acting on an isolated system is zero, then total angular momentum L of the system
should be conserved.

e The relation between the arc length S covered by a particle on a rotating rigid body
at a distance r from the axis and the displacement 6 in radians is given by S =r0.

Diagrams

Rigid body in motion about a fixed axis
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A rigid body rotation about the z-axis
(Each peoint of the body such as P, or
F, describes a circle with its centre (C,
or C)) on the axis. The radius of the
circle (r,or r,) is the perpendicular
distance of the point [P, or P} from the
axis. A point on the axis like P, remains
stationary).

Moment of force

— L.

S

Centre of gravity of an irregularly shaped body

T=Fxr

1. Hang lamina 3. Hang lamina
from a point from second point

2. Mark the vertical 4. Centre of Mass
line. . where lines cross .
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Important Questions

Multiple Choice questions-

1. A particle performing uniform circular motion has angular momentum L. If its angular
frequency is doubled and its kinetic energy halved, then the new angular momentum is

(a) L/2
(b) L/4
(c)2L
(d)4L

2. A car is moving with a speed of 108 km/hr on a circular path of radius 500 m. Its speed is
increasing at the rate of 2 m/s. What is the acceleration of the car?

(a) 9.8 m/s?
(b) 2.7 m/s?
(c) 3.6 m/s?
(d) 1.8 m/s?

3. The moment of inertia of uniform circular disc about an axis passing its center is 6kgm?2. its
M.l. about an axis perpendicular to its plane and just touching the rim will be

(a) 18 kg m2
(b) 30 kg m?
(c) 15 kg m?
(d) 3 kg m?

4. A particle undergoes uniform circular motion. About which point on the plane of the circle
will the angular momentum of the particle remain conserved?

(a) center of the circle

(b) on the circumference of the circle
(c) inside the circle

(d) outside the circle

5. Two particles A and B, initially at rest, moves towards each other under a mutual force of
attraction. At the instant when the speed of A is u and the speed of B is 2 u, the speed of
center of mass is,

(a) Zero
(b) u
(c)1.5u
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(d)3u

6. The moment of inertia of a body about a given axis is 1.2 kg metre?. Initially, the body is at
rest. In order to produce a rotating kinetic energy of 1500 joules, an angular acceleration of 25
radian/sec? must be applied about that axis for a duration of

(a) 4 sec
(b) 2 sec
(c) 8 sec
(d) 10 sec

7. Two discs has same mass rotates about the same axes. rl and r2 are densities of two bodies
rl >r2) then what is the relation between |1 and

(

(a) I2.
(b)11>12
(c)I1<12
(d)yli=12
None of these

8. The kinetic energy of a body is 4 joule, and its moment of inertia is 2 kg m? then angular
momentum is

(a) 4 kg m?/sec
(b) 5 kg m?/sec
(c) 6 kg m?/sec
(d) 7 kg m?/sec

9. A mass is revolving in a circle which is in the plane of the paper. The direction of angular
acceleration is

(a) Upward to the radius

(b) Towards the radius

(c) Tangential

(d) At right angle to angular velocity

10. By keeping moment of inertia of a body constant, if we double the time period, then
angular momentum of body

(a) Remains constant
(b) Becomes half

(c) Doubles



SYSTEM OF PARTICLES AND ROTATIONAL MOTION

(d) Quadruples

Very Short Question:

1.

o

Can the geometrical centre and C.M. of a body coincide? Give examples.

2. How does the M.I. change with the speed of rotation?
3.
4

Under what conditions, the torque due to an applied force is zero?

. Isit correct to say that the C.M. of a system of n-particles is always given by average

position vectors of the constituent particles? If not, when the statement is true?

A cat is able to land on her feet after a fall. Which principle of Physics is being used by
her?

6. What is conserved when a planet revolves around a star?

7. If no external torgue acts on a body, will its angular velocity remain conserved?
8.
9

A body is rotating at a steady rate. Is a torque acting on the body?

. What is the other name for angular momentum?

10.0ut of two spheres of equal masses, one rolls down a smooth inclined plane of height h

and the other is falling freely through height h. In which case, the work done is more?

Short Questions:

1.
2.

What is the difference between the centre of gravity and C.M.?

There are two spheres of the same mass and radius, one is solid, and the other is hollow.
Which of them has a larger moment of inertia about its diameter?

3. What shall be the effect on the length of the day if the polar ice caps of Earth melt?

If only an external force can change the state of motion of the C.M. of a body, how does it
happen that the internal force of brakes can bring a vehicle to rest?

. What do you understand by a rigid body?

What do you understand by a rigid body?

Two equal and opposite forces act on a rigid body. Under what conditions will the body
(a) rotate, (Z>) not rotate?

(a) Why is it easier to balance a bicycle in motion?

(b) Why spokes are fitted in the cycle wheel?

Long Questions:

1.

Discuss the rolling of a cylinder (without slipping) down a rough inclined plane and obtain
an expression for the necessary coefficient of friction between the cylinder and the
surface.
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2. Prove that
(a) Aw =1 ABO
(b) P=1tw.

Assertion Reason Questions:

1. Directions: Each of these questions contain two statements, Assertion and Reason. Each of
these questions also has four alternative choices, only one of which is the correct answer.
You have to select one of the codes (a), (b), (c) and (d) given below.

(a) Assertion is correct, reason is correct; reason is a correct explanation for assertion.

(b) Assertion is correct, reason is correct; reason is not a correct explanation for assertion
(c) Assertion is correct, reason is incorrect

(d) Assertion is incorrect, reason is correct.

Assertion: The Centre of mass of a body may lie where there is no mass.
Reason: Centre of mass of body is a point, where the whole mass of the body is supposed to
be concentrated.

2. Directions: Each of these questions contain two statements, Assertion and Reason. Each of
these questions also has four alternative choices, only one of which is the correct answer.
You have to select one of the codes (a), (b), (c) and (d) given below.

(a) Assertion is correct, reason is correct; reason is a correct explanation for assertion.

(b) Assertion is correct, reason is correct; reason is not a correct explanation for assertion
(c) Assertion is correct, reason is incorrect

(d) Assertion is incorrect, reason is correct.

Assertion: The earth is slowing down and as a result the moon is coming nearer to it.
Reason: The angular momentum of the earth moon system is conserved.

Case Study Questions:

1. The cross product of two vectors is given by Vector C = A x B. The magnitude of the vector
defined from cross product of two vectors is equal to product of magnitudes of the vectors
and sine of angle between the vectors. Direction of the vectors is given by right hand
corkscrew rule and is perpendicular to the plane containing the vectors.

~ |vector C| = AB sin 8 and Vector C=AB sin 6 n

Where, cap n is the unit vector perpendicular to the plane containing the vectors A and B.
Following are properties of vector product

a) Cross product does not obey commutative law. But its magnitude obeys commutative low.
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AxB#BxA = (AxB)
=-(BxA), |AxB|=|BxA|

c) It obeys distributive law

ﬁx{ﬁxz)=ﬁxﬁ+3xe

d) The magnitude cross product of two vectors which are parallel is zero. Since 6 = 0.
vector |AxB| =ABsin0°=0

e) For perpendicular vectors, 6 = 90°, vector |Ax B| = AB sin 90° |cap n| = AB

xk=1 kxT=]
jxi==(ix])=—k ;kxj=-(xKk=-1 ;ixk=-(kxi)=~]

f) The expression for a x b can be put in a determinant form which is easy to remember

i j k
axb = ay ay a,
bx by b,

i. IfBisangle between two vectors, then resultant vector is maximum when 6 is

a)o
b) 90
c) 180
d) None of these

ii. Cross product is operation performed between
a) Two scalar numbers
b) One scalar other vector
c) 2 vectors
d) None of these

iii. Define cross product of two vectors

iv.  State right hand screw rule for finding out direction of resultant after cross product of two
vectors.
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V.

2.

Give properties of cross product of parallel vector.

Radius of gyration: The radius of gyration of a body about an axis may be defined as the distance
from the axis of a mass point whose mass is equal to the mass of the whole body and whose
moment of inertia is equal to the moment of inertia of the body about the axis.

the moment of inertia of a rigid body analogous to mass in linear motion and depends on the
mass of the body, its shape and size, distribution of mass about the axis of rotation, and the
position and orientation of the axis of rotation.

Theorem of perpendicular axes

It states that the moment of inertia of a planar body (lamina) about an axis perpendicular to its
plane is equal to the sum of its moments of inertia about two perpendicular axes concurrent with
perpendicular axis and lying in the plane of the body. If we consider a planar body, An axis
perpendicular to the body through a point O is taken as the z-axis. Two mutually perpendicular
axes lying in the plane of the body and concurrent with z-axis, i.e., passing through O, are taken as
the x and y-axes. The theorem states that

lz=1x+1Yy.
Theorem of parallel axes

The moment of inertia of a body about any axis is equal to the sum of the moment of inertia of
the body about a parallel axis passing through its centre of mass and the product of its mass and
the square of the distance between the two parallel axes.

z and Z’ are two parallel axes, separated by a distance a. The z-axis passes through the centre of
mass O of the rigid body. Then according to the theorem of parallel axes

Iz’= Iz + Maz

Where |; and |I;” are the moments of inertia of the body about the z and z¢ axes respectively, M is
the total mass of the body and a is the perpendicular distance between the two parallel axes.

i. Sl unit of radius of gyration
a) Metre (m)
b) M?
c) M3
d) None of these
ii. Moment of inertia is analogous to
a) Mass
b) Area
c) Force

d) None of these
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iii.  Define radius of gyration
iv. State Theorem of perpendicular axes

v. State Theorem of parallel axes

v Answer Key:

Multiple Choice Answers-

W 00 N O Uk~ WD E

Answer: (b) L/4

Answer: (b) 2.7 m/s?

Answer: (a) 18 kg m?

Answer: (a) center of the circle
Answer: (a) Zero

Answer: (b) 2 sec

Answer: (b) 11> 12

Answer: (a) 4 kg m?/sec

Answer: (c) Tangential

10.Answer: (b) Becomes half

Very Short Answers:

1.

w 0 N o U

Answer: Yes, C.M. and geometrical centre may coincide when the body has a uniform
mass density, e.g. C.M. and geometrical centre are the same in case of a sphere, cube and
cylinder etc.

. Answer: M.l. is not affected by the speed of rotation of the body.

. Answer:

We know thatt=rFsin 0. If 8 =0 or 180,
or
r=0,thent=0, r =0 means the applied force passes through the axis of rotation.

Answer: No, this statement is true when all the particles of the system are of the same
mass.

Answer: Principle of conservation of angular momentum.

Answer: Angular momentum.

Answer: No, it is the angular momentum that will be conserved.
Answer: No, torque is required only for producing angular acceleration.

Answer: Moment of momentum.
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10.Answer: Moment of momentum.

Short Questions Answers:

1.

Answer: C.G.: It is the point where the whole of the weight of the body is supposed to be
concentrated i.e. on this point, the resultant of the gravitational force on all the particles
of the body acts.

C.M.: It is the point where the whole of the mass of the body may be supposed to be
concentrated to describe its motion as a particle.

. Answer: The hollow sphere shall have greater M.l., as its entire mass is concentrated at

the boundary of the sphere which is at maximum distance from the axis.

. Answer: Melting of polar ice caps will produce water spread around the Earth going

farther away from the axis of rotation that will increase the radius of gyration and hence
M.l. In order to conserve angular momentum, the angular velocity w shall decrease. So

the length of the day (T = %n) shall increase.
Answer: The internal force of brakes converts the rolling friction into sliding friction.

When brakes are applied, wheels stop rotating. When they slide, the force of friction
comes into play and stops the vehicle. It is an external force.

. Answer: A rigid body is that in which the distance between all the constituting particles

remains fixed under the influence of external force. A rigid body thus conserves its shape
during its motion.

Answer:
e The mutual forces between the particles of a system are called internal forces.

e The forces exerted by some external source on the particles of the system are called
external forces.

Answer: Two equal and opposite forces acting on a rigid body such that their lines of
action don’t coincide constitute a couple. This couple produces a turning effect on the
body. Hence the rigid body will rotate. If the two equal and opposite forces act in such a
way that their lines of action coincide, then the body will not rotate.

Answer:

(a) The rotating wheels of a bicycle possess angular momentum. In the absence of an
external torque, neither the magnitude nor the direction of angular momentum can
change. The direction of angular momentum is along the axis of the wheel. So the
bicycle does not get tilted.

(b) The cycle wheel is constructed in such a way so as to increase the M.I. of the wheel
with minimum possible mass, which can be achieved by using spokes and the M.1. is
increased to ensure the uniform speed.
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Long Questions Answers:
1. Answer:

Consider a solid cylinder of mass m, radius R and MJ. | rolling down an inclined plane
without slipping as shown in the figure. The condition of rolling down without slipping
means that at each instant of time, the point of contact P of the cylinder with the inclined
plane is momentarily at rest and the cylinder is rotating about that as the axis.

Let © = angle of inclination of the plane. The forces acting on the cylinder are:
e The weight mg of the cylinder acting vertically downward.

e The force of friction F between the cylinder and the surface of the inclined plane
and acts opposite to the direction of motion.

e The normal reaction N due to the inclined plane acting normally to the plane at the
point of contact. The weight W of the cylinder can be resolved into two rectangular
components:

(a) mg cos 6 along 1 to the inclined plane.

(b) mg sin B along the inclined plane and in the downward direction. It makes the
body move downward.

Let a = linear acceleration produced in the cylinder,

Then according to Newton’s 2nd law of motion,

ma=mgsinB8—-F ... (1)

and N=mgcos 6 .... (2)

If a = angular acceleration of the cylinder about the axis of rotation, then
t=la...(3)

Here, Tis provided by Fi.e.
t=F.R...(4)
~ from (3) and (4), we get
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la = FR
[a I a
or F = R = KR (--a=Ra)
la
Y a2
. from (1) and (5), we get
2 la
ma = mgsinb- 'Y
Ia - .
or ma + R - M8 sin ©
I ;
or a m"rﬁ? = mg sin O
- -_ mgsin©
(1)
|
mR "~
or g R ... (6)
|
14+
mR~
1
For solid cylinder, [ = EmR2
in6 2
a = 200 = —gsinf
1+3)
1+
2
. From (5) and (6), we get
1 gsin®
RO
Bl
mR
mgsin0
- 7
1+—
I
mgsin 0 ( 1 1]
= S I=—mR
(1+2) n
1 +
F = - mgsin® (8)
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If us be the coefficient of static friction between the cylinder and the surface,

Then
L gaind
F é-mgsm
s N mgcosf
1
= Etanﬂ
For rolling without slipping
i
N _— LLE
1
or 3 tan© <, s LD}

equation (9) is the required condition for rolling without slipping i.e., gtan 0 should be

less than equal to ps i.e., the maximum allowed inclination of the plane with the
horizontal is given by

Bmax = tan™ (3 W)
2. Answer:
(a) Aw =t AB
Let F =force applied on a body moving in XY plane.
Ar = linear displacement produced in the body by the force F in moving from P to Q.

If Aw is the small work done by the force, then by definition of work.

‘."‘Jh
Q (x + Ax, y + Ay)
ﬁ:,-,F
TP (x.y)
> | |
0 i

AW =F . Ar ....(1)

In component form,
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F = Ei+F]

and Ar = Axi+Ayj ik )
~. from (1) and (2), we get

AW = (Fi+Fj).(Axi + ay))

= F,Ax + F Ay a3 )
Let PN L on X-axis & PON =0
~inrt 2d APNO,
sin® = -2 . (4)
r
X
and cosB = P i)
Also in AQMO,
| X +Ax = rcos (0 + AD)
and y + Ay = rsin (6 + A9)

As AO is very small, i.e. AB = 0, cos AB - 1 and sin AB - AO

X + Ax = r(cos 0O cos AD - sin 0 sin AO)
= r{cosB.1-sinB. AQ)

= x—-yA8
or Ax = -y AB wez (6)
and y + Ay = r(sin© cos AD + cos 0 sin AD)
= r(sinB. 1+ cosB.AD)
= y+xA0
or Ay = x A8 i kT)

-~ from (3), (6) and (7), we get
Aw = F (-yAB)+F, (x AB)
= (xF,-yF)A6

=1A0O
(b) P=Ttw.
Ao A8  AD
knowthat P = —=——=T—=10
Walknow At AL At
h ﬁ_ﬂ —ﬁ— ifAt— 0
wWhere ﬂ! = dt =1 —
P =10m0.

Assertion Reason Answer:



= .,
SYSTEM OF PARTICLES AND ROTATIONAL MOTION

1. (a) Assertion is correct, reason is correct; reason is a correct explanation for assertion.

Explanation

As the concept of Centre of mass is only theoretical, therefore in practice no mass may lie at
the Centre of mass. For example, Centre of mass of a uniform circular ring is at the Centre of
the ring where there is no mass.

2. (d) The earth is not slowing down. The angular momentum of the earth — moon system is
conserved.

Explanation:

The earth is not slowing down. The angular momentum of the earth — moon system is
conserved.

Case Study Answer:

1. Answer

(a)0
(c) 2 vectors

The cross product of two vectors is given by Vector C = A x B. The magnitude of the
vector defined from cross product of two vectors is equal to product of magnitudes of
the vectors and sine of angle between the vectors.

~ |vector C| = ABsinB and Vector C = ABsinB n. Where, cap n is the unit vector
perpendicular to the plane containing the vectors A and B.

We can find the direction of the unit vector with the help of the right-hand rule. In
this rule, we can stretch our right hand so that the index finger of the right hand in the
direction of the first vector and the middle finger is in the direction of the second
vector. Then, the thumb of the right hand indicates the direction or unit vector n.

The cross product of two vectors is zero vectors if both the vectors are parallel or
opposite to each other. Conversely, if two vectors are parallel or opposite to each
other, then their product is a zero vector. Two vectors have the same sense of
direction. 8 = 90° As we know, sin 0° =0 and sin 90° = 1
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XxY |X| |}/‘|sin()
X x Y = | X]|.|Y)|sin0°
X xY =|X|.|Y] <0

Hence, the cross product of the parallel vectors becomes

x> X 0, which is a unit vector

2. Answer

(a) Metre (m)
(c) Mass

Radius of gyration: The radius of gyration of a body about an axis may be defined as
the distance from the axis of a mass point whose mass is equal to the mass of the
whole body and whose moment of inertia is equal to the moment of inertia of the
body about the axis.

Theorem of perpendicular axes

It states that the moment of inertia of a planar body (lamina) about an axis perpendicular
to its plane is equal to the sum of its moments of inertia about two perpendicular axes
concurrent with perpendicular axis and lying in the plane of the body. If we consider a
planar body, an axis perpendicular to the body through a point O is taken as the z-axis. Two
mutually perpendicular axes lying in the plane of the body and concurrent with z-axis, i.e.,
passing through O, are taken as the x and y-axes. The theorem states that

lz=Ix+ly

The moment of inertia of a body about any axis is equal to the sum of the moment of
inertia of the body about a parallel axis passing through its centre of mass and the product
of its mass and the square of the distance between the two parallel axes. z and z’ are two
parallel axes, separated by a distance a. The z-axis passes through the centre of mass O of
the rigid body. Then according to the theorem of parallel axes

Iy= 1, + Ma?

Where I; and |;” are the moments of inertia of the body about the z and z¢ axes
respectively, M is the total mass of the body and a is the perpendicular distance between
the two parallel axes.



